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MULTIPLICITY RESULTS IN THE NON-COERCIVE CASE 
FOR AN ELLIPTIC PROBLEM WITH CRITICAL GROWTH IN 

THE GRADIENT 


COLETTE DE COSTER AND LOUIS JEANJEAN 

Abstract. We consider the boundary value problem 
( P \) —Au = \c(x)u + p(x)\X7u\ 2 + h(x), u € Hg(fl) 0 L°°(fl), 

where fl C R N ,N > 3 is a bounded domain with smooth boundary. It is 
assumed that c ^ 0, c, h belong to L p {fl) for some p > N. Also p € L°°(fl) and 
p > Pi > 0 for some p\ £ R. It is known that when A < 0, problem (Pa) has 
at most one solution. In this paper we study, under various assumptions, the 
structure of the set of solutions of (P\) assuming that A > 0. Our study unveils 
the rich structure of this problem. We show, in particular, that what happen 
for A = 0 influences the set of solutions in all the half-space ]0, +oo[x(ifg(fl) fl 
L°°(fl)). Most of our results are valid without assuming that h has a sign. If we 
require h to have a sign, we observe that the set of solutions differs completely 
for h ^ 0 and h 0. We also show when h has a sign that solutions not 
having this sign may exists. Some uniqueness results of signed solutions are 
also derived. The paper ends with a list of open problems. 


1. Introduction 

We consider the boundary value problem 
(Pa) — Aw = \c(x)u + /j,(x)\\7u\ 2 + h(x), u G fl L°°(fi) 

under the assumption 

{ Q C M. N , N > 2 is a bounded domain with dQ of class C 1,1 , 
c and h belong to L P (Q) for some p > N and satisfy c ^ 0, 
/i G L°°( fl) satisfies 0 < pi < p{x) < fi 2 - 
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Depending on the parameter A G M we study the existence and multiplicity of 
solutions of (Pa)- By solutions we mean functions u G H ( \ (Q) n L°°(D) satisfying 

/ VuVvdx — X / c(x)uv dx + / /x(x)| Vn| 2 u dx + / h(x)v dx , 

«/ «/ «/ Q 

for any v G Pq(0) D L°°(D). 

First observe that, by the change of variable v = —u, problem (Pa) reduces to 

—An = A c(x)u — n(x)\\7u\ 2 — h(x), u G Hq(Q) D L°°(fi). 

Hence, since we make no assumptions on the sign of h, we actually also consider 
the case where |Vu | 2 has a negative coefficient. 

The study of quasilinear elliptic equations with a gradient dependence up to 
the critical growth |V «| 2 was essentially initiated by Boccardo, Murat and Puel 
in the 80’s and it has been an active held of research until now. Under the 
condition A c(x) < —«o < 0 a.e. in Q for some «o > 0 , which is usually referred 
to as the coercive case , the existence of a unique solution of (Pa) is guaranteed 
by assumption (A). This is a special case of the results of (3, | 8 ] for the existence 
and of 15115] for the uniqueness. 

The limit case where one just require that A c(x) < 0 a.e. in D is more complex. 
There had been a lot of contributions ID 121 El EES] when A = 0 (or equivalently 
when c = 0) but the general case where Ac < 0 may vanish only on some parts of 
D was left open until the paper [3j. It appears in [3] that under assumption (A) 
the existence of solutions is not guaranteed, additional conditions are necessary. 
When A = 0 this was already observed in H- By 0 , the uniqueness itself holds 
as soon as Ac(x) < 0 a.e. in D. See also [3] for a related uniqueness result in a 
more general frame. 

The case Ac ^ 0 remained unexplored until very recently. Following the paper 
[21] which consider a particular case, Jeanjean and Sirakov [IB] study a problem 
directly connected to (Pa)- In [16:; Theorem 2] assuming that /i is a positive 
constant and h is small (in an appropriate sense) but without sign condition, a 
Ao > 0 is given under which (Pa) has two solutions whenever A g]0,Ao[- This 
result have been complemented in [l5j where two solutions are obtained, allowing 
the function c to change sign but assuming that h > 0 and that max{0, Ac} ^ 0. 
The restriction that n is a constant was subsequently removed in [3] under the 
price of the assumption h > 0 . 

If multiplicity results can be observed in case Ac ^ 0, the existence of solution 
itself may fail. In [3] Lemma 6.1], letting qx > 0 be the first eigenvalue of 

(1.1) - Acpi = 7 c(z)^i, (fi G Pq(O), 

it is proved when h > 0 that problem (Pa) has no solution when A = 71 and no 
non-negative solutions when A > 71 . This contrasts to what was observed in [2] 
Theorem 3.3], namely that if fi > 0 is a constant and h ^ 0, then there exists a 
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negative solution of (Pa) as soon as A > 0. In addition this negative solution is 
unique [2], Theorem 3.12], Considered together, the results of p>'3] show that the 
sign of h has definitely an influence on the set of solutions of (Pa) when A > 0. 

Despite the works having a clear picture of the set of solutions of 

(Pa) in the half-space ]0, +oo[x (Hq (O) nL°°(0)) is still widely open. The present 
paper aims to be a contribution in that direction. Note that both in \2\ and [3] 
the main results (under this assumption) are obtained assuming that h has a sign, 
positive in [3], negative in [2] and then these papers look for solutions having the 
same sign as h. In our paper we remove in particular the assumption that h has 
a sign. Also we show that even when h has a sign, solutions not having this sign 
may exist. 


We point out that with respect to we have strengthened our regularity 

assumptions by requiring c and h in L p {Vt ) for some p > N while in [3], c and 
h are in L p (0) for some p > ^ and in [2], the regularity assumptions are even 
weaker. Under our assumptions all solutions of (Pa) lies in Wq’ p (H) C Cq(O) (see 
Theorem 2.2). This permits to use lower and upper solutions arguments together 
with degree theory. Now for future reference we recall, 


Definition 1.1. Let u,v G C(O). We say that 

• u < v if, for all u(x ) < v(x ); 

.u< v if, for all u(x) < v(x) and u ^ u; 

• U < V if, for all x G O, u(x) < v(x). 


Let <pi be the first eigenfunction of (1.1). We know that, for all iGfl, > 

0 and, for x G <90, y^r(^) < 0 where v denotes the exterior unit normal. 


Definition 1.2. Let u,v G C(D). We say that 

• u • C u in case there exists £ > 0 such that, for all iGfl, v(x) — u(x) > £ifi(x). 


Remark 1.1. Observe that, in case u,v G C 1 (D), the definition of « < r is 
equivalent to: for all iGO, u(x) < v(x) and, for x G <90, either u(x) < v(x) or 
u(x) = v(x) and ^(x) > ^(x). 

Recall that by [3;, Theorems 1.2 and 1.3], we have the following result relying 
on 20. Theorem 3.2], 


Theorem 1.1. Under assumption (A), for A < 0 the problem (Pa) has at most 
one solution u\. Moreover, in case (P 0 ) has a solution u 0 , then 


E = {(A,w) Glx C(O) | (A,u) solves (Pa)}, 


possesses one unbounded component C + in [0, +oo[xC Y (0) such that C + O ({0} x 
C(U)) = {u 0 }. 

In case h ^ 0, this continuum C + consists of non-negative functions and its 
projection Proj R C + on the X-axis is an interval ] — oo, A] C ] — oo, 7 i[ containing 
A = 0 and C + C E bifurcates from infinity to the right of the axis A = 0. 
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Remark 1.2. From [3j Corollary 3.2], we know that (Po) has a solution if 

(1.2) inf / (| Vu| 2 — p 2 h + {x)u 2 ) dx > 0, 

{iierr,5(n)| IMTi (n) =i} Jn 


where h + = max{0, h}. 


Our first main result gives informations on the behaviour of this continuum 
without assuming that h 0. 


Theorem 1.2. Under assumption (A), in case (Po) has a solution, the continuum 
C + of Theorem HH satisfies one of the two cases : 

(i) it bifurcates from infinity to the right of the axis A = 0 with the correspond¬ 
ing solutions having a positive part blowing up to infinity as A —>■ 0 + ; 

(ii) it is such that its projection Proj M C + on the \-axis is [0, +oo[. 


In Corollary 4.1 below, we show that we are in situation (i) of Theorem 1.2 if 
(Po) has a solution and 


h ipi > 0. 


Jn 

In pH Theorem 2] under conditions insuring that (Po) has a solution it was 
proved, assuming that p is a constant, that (Pa) has two solutions for A > 0 
small. Here we remove this restriction on p. 


Theorem 1.3. Under assumption (H) and assuming that (P 0 ) has a solution uq, 
there exists a A e]0, +oo] such that 

(i) for every A e]0, A[, the problem (Pa) has at least two solutions with 

• wa,i •C Ma,2/ 

• maxwA 2 — >■ Too and u\ i —» uq in C^fl) as A —>■ 0; 

_n 

(ii) if A < Too, the problem (Pj) has exactly one solution u. 

Next we show that having a sign information on the solution uq of (Po) allows 
us to give more precise informations on the set of solutions of (Pa) when A > 0. 

Theorem 1.4. Under assumption (H) and assuming that (Po) has a solution 
«o > 0 with cuq ^ 0, every non-negative solution of (Pa) with A > 0 satisfies 
u u 0 . Moreover, there exists A g]0, Too[ such that 

(i) for every A e]0, A[, the problem (Pa) has at least two solutions with 

• 0 < M 0 < «A,1 < U X ,2! 

• if Ai < A 2 , we have u\ lt i ua 2 ,17 

• max u x 2 —t Too and ux i —^ > u 0 in Co(fl) as A —)■ 0; 

n 

(ii) the problem (Pfi) has exactly one non-negative solution u; 

(iii) for every A > A, the problem (Pa) has no non-negative solution. 
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Figure 1 . Illustration of Theorem 11.41 



Figure 2. Illustration of Theorem [L5l 


Remark 1.3. Since — Aw 0 = /i(x)| Vu 0 \ 2 + h(x), we deduce by the strong maximum 
principle that, in case h ^ 0, we have u 0 0 thus cu 0 ^ 0. 


In comparison to Theorem 1.4 we have 


Theorem 1.5. Under assumption (A) and assuming that (Po) has a solution 
uq < 0 with cuq 0, for every A > 0, problem (P A ) has two solutions with 

u\i<^u\ 2 , Mai <« 0 ! and max-u A2 >0. 

n 

Moreover we have 

• if Xi< A 2 , then u Xl ,i > u x 2 ,i; __ 

• niaxMA 2 Too and u x i —> u 0 in Cq (O) as A — > 0; 

a 


Remark 1.4. Observe that in case (Po) has a solution w 0 with cuq = 0, then uq is 
solution for all A G M. 


Remark 1.5. In Proposition 4.3, we prove also that, if (Po) has a solution uq < 0 
with cuq ^ 0, then (P A ) has at most one solution u < 0. 
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Figure 3. Illustration of Theorem [1771 


Corollary 1.6. Under assumption (A) and assuming that h ^ 0, 
problem (Pa) has two solutions u\ t i,u\ i2 satisfying the conclusions 


for every A > 0, 
of Theorem 1.5. 


Corollary |1.6 should be compared with [2j Theorem 3.3] where the authors 
prove the existence only of u\ t \ under however weaker regularity assumptions. 


Our Theorems 1.3 - 1.5 require (P 0 ) to have a solution and thus we are in a 


situation where a branch of solutions starts from (0,u 0 )- In our next results we 
consider the situation for A > 0 “large”. 


Theorem 1.7. Under assumption (A) and assuming that 

(a) (Po) does not have a solution uq < 0; 

(b) there exists Ao > 0 and /3o an upper solution of (Pa 0 ) with /3 0 < 0. 

Then there exists 0 < A < Ao such that 

(i) for every A e]A, +oo[, the problem (Pa) has at least two solutions with 
Wa,i 0 and u\,i C «a, 2 - 

Moreover, if \\ < X 2 , we have u\ lt i u\ 2t i; 

(ii) the problem (Pa) has a unique solution u\ < 0/ 

(iii) for A < A, the problem (P\) has no solution u < 0. 


In our last results we change our point of view and consider no more the 
dependence in A but in \\h + \\. In proving Theorem 1.8, we shall also obtain, in 


case ||h + || is small enough, the existence of a negative upper solution of (Pa 0 ) for 


some Aq > 0 as needed in the assumptions of Theorem 1.7 


Theorem 1.8. Under assumption (A), let h e L p (Tl) and consider h + and h~ 
respectively its positive and its negative part. Assume that h + ^ 0. Let U\ >0 be 
the first eigenvalue of 

(1.3) — Aw + p. 2 h~(x)u = uic(x)u, u € Pg(fl). 

Then, for all A > there exists k = k( A) G ]0, +oo[ such that, 
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(i) for all k E ]0, k[, the problem 

—Au=Xc(x)u + ia(x)\\/u\ 2 + kh + (x) — h~(x), u E Hq(Q) fl L°°(fl) (Q\,k) 


has at least two solutions wa,i <C u\, 2 ,' 

(ii) for all k > k, the problem (Q\k) has no solution; 

(iii) for k = k, the problem ( Q\ k ) has exactly one solution. 


We deduce from Theorems |1.4| and |1.8| the following Corollary that concerns 
the case h A 0 . 


Corollary 1.9. Under assumption (A) and assuming that h ^ 0, for all A > 71 
where 71 > 0 is the first eigenvalue ( 1 . 1 ), there exists k > 0 such that, for all 
k E ]0, k], 

(i) there exists Ai e] 0 , 7 i[ such that 

• for all A g] 0, Ai[, the problem 

— A u = A c(x)u + /i(x)|Vu | 2 + kh{x ), u E fl L°°(Q) 

has at least two positive solutions; 

• for A = Ai, 


(1.4) 


the problem 
the problem 


1.4) has no non-negative solution; 


IT 


m 


• for A > Ai, 
for A = 71 the problem (|1.4|) has no solution; 


1.4) has exactly one positive solution; 


there exists X 2 €] 7 i,A] such that 

• for X > A 2 , the problem (1.4) has at least two solutions with u\^ 0 

and min u A 2 < 0 ,’ 

• for X = A 2 , the problem (1.4) has a unique non-positive solution; 

• for X < A 2 , the problem (1.4) has no non-positive solution. 


Remark 1.6. Observe that, as h > 0, we have 71 = ui, where is the first 


eigenvalue of (1.3) and 71 is the first eigenvalue of (1.1). 
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Figure 5. Illustration of Theorem [TTTOl 


We conclude this paper considering the case h = 0 which can be seen as 


intermediate between the case h ^ 0 considered in Corollary 1.9 and the case 


h 0 considered in Corollary 1.6 Observe also that if we consider the problem 


(1.4) with k € ] — oo, k], then, it is easy to see that the lower of the two solutions 
tends to 0 and that Ai —> 71 , A 2 —* 71 as k —* 0 . 

Theorem 1.10. Under assumption (A) with h = 0 and recalling that 71 > 0 
denotes the first eigenvalue ( 1 . 1 ), we have 


(1.5) 


for all A e] 0 , 7 i[, the problem 

— A u = A c(x)u + p(a;)|Vu| 2 , 


u e Hq(£i) n L°°(0) 


has at least two solutions u\ 1 = 0 and u\ 2 ^ 0 with max u\ 2 —> +00 as 

n 

A —>■ 0; 


(11 ) 

(in) 


for A = 71 the problem (1.5) has only the trivial solution; 


for A > 71 , the problem (1.5) has at least two solutions u\ t \ = 0 and 
U \,2 < 0 . 


Remark 1.7. Considering the solutions of (P\) as stationary solutions for the cor¬ 
responding parabolic problem, assuming (A) together with dfl is of class C 2 and 
c, h G L P (Q) with p > N + 2, then, applying pX, Corollary 2.34 and Propo¬ 
sition 2.41], we can prove that, in the above results, the first solution 11^,1 is 
C -asyrnptotically stable from below and u \ t2 is T-unstable from below. In the 
particular case of Theorem 1.5, as (P\) has a unique negative solution «a,i "C uo, 
we have also u\ : ± is C- asy rnp to tic ally stable. Fore more informations, see Em- 

Our existence results relies on the obtention of a priori bounds on the solutions, 
see Lemma 3T and Theorem 3A These results which are valid for arbitrary 
solutions use in a central way the assumption that p(x) > /.p >0 for some 
Pi > 0. Removing this condition seems delicate and in that direction some 


results are obtained in 


for non-negative solutions. I 11 [22] it is also shown 
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that some conditions are necessary to obtain a priori bounds for non-negative 
solutions. 


In the case /i > 0 constant it is possible to precise the blow-up rate, as A —> 0 + , 


of our solutions wa ,2 obtained in Theorems 1.3, 1.4, 1.5 and 1.10 As a by-product, 


we also obtain that the a priori estimates obtained in Theorem 3.3 are sharp. 


The paper is organized as follows. In Section [2] we present some preliminary 
results. Section [3] is devoted to our a priori bounds results. In Section [4] we 
prove our main results. Section [5] is devoted to the special case /j constant and 
in Section [6] the reader can find a list of open problems. 


Acknowledgments The authors thank D. Mercier and C. Troestler for fruitful 
discussions on the interpretation of the results and for providing them the figures 
of the paper. The authors also thank warmly B. Sirakov for pointing to them a 
mistake in an earlier version of this work. 

Notations For v E Hq (Q) we set v + = max{0, v} and v~ = max{0, — w}. 


( 2 . 1 ) 


2. Preliminary results 

In our proofs we shall need some results on lower and upper solutions that we 
present here adapted to our setting. We consider the problem 

—A u — f(x,u,Vu), in Q 

u — 0, on dfl, 

where / is an L p -Caratheodory function with p > N and solutions are sought 
in Wq' p (VI). We recall that a regular lower solution (respectively a regular upper 
solution ) of (2.1) is a function a (resp. (3) in W 2,P (Q) such that 

—A a{x) < f(x,a(x),'Va(x)), for a.e. x E fl, 
a(x) < 0, 

(respectively 

-A P(x) > f(x,P(x),VP(x)), 

/3(x) > 0, 


for all x E dfl, 


for a.e. x E £2, 
for all x E dVt). 


We define a lower solution a of (2.1) as a := max{cu | 1 < i < k} where 
«i,..., ctfc are regular lower solutions of (2.1). Similarly, an upper solution /3 of 
(2.1) is defined as f3 = min{/3j | 1 < j < 1} where /3i,... , fa are regular upper 
solutions of (2.1). 

Remark 2.1. The set of functions w such that ii C w < ids open in C'd (O) (the 
space of the (^-functions in which vanish on the boundary of h2). 


Problem (2.1) can be transformed into a fixed point problem. The operator 
(2.2) C : ’ p (fi) -> L p ( ft); u ^ -A u 
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is a linear homeomorphism. 

Since / is an L p -Caratheodory function, the operator 

(2.3) U : Cl{U) -A I?(Q ); u ^ /(.,«(.), V«(.)) 


is well defined, continuous and maps bounded sets to bounded sets. Since p > N, 
as Wq' p (Q) is compactly embedded in Cq(O), the operator M : C^O) —>■ Co(fl) 
defined by 

M(u) = C- l Uu } 


where C and A f are given respectively by (2.2) and (2.3), is completely continuous 
and the problem (2.1) is equivalent to 


u = Mu. 


To be able to associate a degree to a pair of lower and upper solutions we also 
need to reinforce the definition. 


Definition 2.1. A lower solution a of (2.1) is said to be strict if every solution 


u of (2.1) such that a <u onfi satisfies a «!t. 


In the same way a strict upper solution (3 of (2.1) is an upper solution such 


that every solution u with u < (3 is such that u <C (3. 

Our main tool regarding the existence and characterizations of solutions of 


problem (2.1) by a lower and upper solutions approach is the following theorem. 


This result which can be obtained adapting some ideas from mm will be proved 
in the Appendix. 

Theorem 2.1. Let Q is a bounded domain in M. N with boundary dLl of class 
C 1 ’ 1 and f be an L p -Caratheodory function with p > N. Assume that there 


exists a lower solution a and an upper solution /3 of (2.1) such that a < (3. 


Denote a := max{aj | 1 < i < k} where aq,..., are regular lower solutions of 
(2.1) and (3 = min{/d,- | 1 < j < 1} where f3i,...,/3i are regular upper solutions 
of (2.1). If there exists K > 0 and h G L P (Q) such that for a.e. x G O, all 


u G [min{cq | 1 < i < k}, ma x{/3j \ 1 < j < /}] and all £ G M. N , 
(2.4) \f(x,u,0\<h(x) + K\tf, 


then the problem (2.1) has at least one solution u satisfying 

a < u < (3. 


Moreover, problem (2.1) has a minimal solution n m i„ and a maximal solution u max 
in the sense that, u min and u max are solutions of (2.1) with a < u m[n < u max < (3 


and every solution u of (2.1) with a < u < f3 satisfies w min < u < u r 


If moreover a and (3 are strict and satisfy a j3, then, there exists R > 0 
such that 


deg (I-M,S) = 1, 
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where 


5 = {m6 Cq(0) | a <C u <C f3, ||u|| c i < R}. 


Remark 2.2. If a and f3 are respectively strict lower and upper solutions of (2.1) 


with a < (3 then a f3. Indeed from the first part of Theorem 2.1 we deduce, 
the existence of a solution u with a < u < (3. By definition of strict lower and 
upper solutions, we obtain and hence a <C (3. 


Remark 2.3. We shall apply Theorem 2.1 with J\f(u) = Xc(x)u + fi(x)\Vu\ 2 + h(x). 
Hence, as we are concerned with the A-dependance, we will denote the fixed point 
operator M.\ instead of M.. 


Our assumption (A) implies that the following regularity result applies to prob¬ 
lem (P A ). 

Theorem 2.2. Let LI is a bounded domain in M> N with boundary <90 of class C 1,1 , 
c G L p (0), h G L p (0) with p > N and /j G L°°(0). Let u be a solution of 

(2.5) — An = c(x)u + p(x)\Wu\ 2 + h(x), u G Pq(O) n L°°(0). 

Then u G W 0 2 ’ p (O) C Cg(n). 


Remark 2.4. This result is not a simple consequence of classical bootstrap argu¬ 
ments as, for u G Hq(LI) 0 L°°(Ll), p\ Vu| J G L 1 (0) which does not allow to start 
a bootstrap process. 


Remark 2.5. Observe that any solution u G Cq (Q) of (2.5) belongs to Wq' p (LI) 


Proof. Let u G Hq(LT) D L°°(0) and define the function g = cu + u + h. Observe 
that g G L p (Ll) with p > N and u is solution of 


( 2 . 6 ) 


— Av = —v + g(x)\X7v\ 2 + g(x), v G iLg(O) D L°°(Q). 


Let us prove that this problem has a solution v G Wq' p (PL). By uniqueness of the 
solution of (2.6) in Hq(Q) D L°°(0) (see [4J Theorem 1.1]), we obtain that v = u 
and hence u G 1Tq’ p (0). To prove that this problem has a solution v G 1Tq’ p (0), 


we shall apply Theorem 2.1 Thus we need to prove that (2.6) has a lower a and 


an upper solution (3 with a < (3. 


We set /i = ll/iHoo- Clearly any solution of 


(2.7) 


—Aw = — u + n\ Vw| J + g + (x), in H, 
u = 0, on dLl, 


is an upper solution of (2.6) and any solution of 


( 2 . 8 ) 


—A u = — u — fi\Vu\ 2 — g (x), 
u = 0, 


in H, 
on 90, 
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is a lower solution of (2.6). Now if w G Wq’ p (Q) is a solution of 
—Aw = — w + Jl\Viv\ 2 + g~(x), in 0, 


(2.9) 


w = 0, 


on <911, 


then u = —w satisfies (2.8). Thus if we find a non-negative solution u\ G W^iVL) 
of (2.7) and a non-negative solution u 2 G Wq' p (VI) of (2.9) then, setting (3 = u\ 
and a = — u 2 , we have the required couple of lower and upper solutions required 


to apply Theorem 2.1 


Let us construct U\, the construction of u 2 being similar. Let W\ G H { ](fl) be 
the non-negative solution of 


—A w\ = pg + (x)w i — m(wi) + g + , in 

Wi = 0, on <911 


where 

( 2 . 10 ) 


f |(1 + fis) ln(l + fis), if s > 0, 
( — 4(1 — JLs) ln(l — /Is), if s<0 


given by [3( Lemma 3.3]. By (23j Lemma 3.22] and a bootstrap argument, it is 
easy to prove that w i G bL 2 ’ p (fl). Hence 


«, = Hf,W l + 11 6 

T 


and one readily shows that U\ > 0 is a solution of (2.7). 


□ 


Proposition 2.3. Under assumption (A) if a is a lower solution of (Po) and (3 
an upper solution of (P 0 ) then a < j3. 


Proof. Since a = max{a; | 1 < i < k}, f3 = min{/3j | 1 < j < 1} with cq and (3j 
regular lower and upper solutions in tL 2 ’ p (fl), the functions a* and /3j belong to 
77 1 (H) fl fl (7(11) and we conclude by [4J Lemma 2.2], □ 

The following estimates will also be useful. 


Lemma 2.4 (Nagumo Lemma). Let p > N , h G L p (fl,M + ), K > 0, R > 0. 
Then there exists C > 0 such that, for all u G W 2,p ( fl) satisfying 

I Aw | < h(x) + K\ Vu| 2 , a.e. in fl, 
u = 0, on <911, 


and 

we have 


II n || oo A Ut, 

w|| \y2,p < C . 


Proof, see 23. Lemma 5.10]. 


□ 
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Lemma 2.5. Assume that c,h G L q (Q) for some q > y. Then if u G -Pg(ff) is 
solution of 

—A u < c(x)u + h(x), ( resp. — A u > c(x)u + h(x)) 

in a weak sense, then u is bounded above (resp. below) and 

snpu + < C(||w + || 2 + ||h|| 9 ), (resp. supw“ < C(\\u~\\ 2 + \\h\\ q )), 
o n 

where C > 0 depends on N,q , |Q| and ||c|| g . 

Proof, see US Lemma 5]. □ 

We also need the following formulation of the anti-maximum principle. Under 
slightly more smooth data this result was established in ra but the proof given 
in D3J directly extend under our regularity assumptions. 

Proposition 2.6. Let c,h,d G L p (Ui) with p > N and assume that h ^ 0. We 
denote by u i > 0 the first eigenvalue of 

(2.11) — Au + d(x)u = v\c(x)u, ueHq(TI). 

Then there exists £ 0 > 0 such that, for all X G ]Pi, Pi + £ 0 ]> solution w of 

(2.12) — Aw + d(x)w = Xc(x)w + h, uEHq(Q). 
satisfies w 0. 


3. A PRIORI BOUND 

This section is devoted to the derivation of some a priori bounds results for the 
solutions of (Pa)- Most of our results hold under more general assumptions than 
(A). 

First, using ideas of |2J, we obtain the following lower bound on the upper 
solutions of (Pa). 

Lemma 3.1. Under conditions (A), for any A 2 > 0, there exists a constant 
M := M( A 2 ,/ii, ||c|| jv/ 2 , ||h _ ||iv/ 2 ) > 0 such that, for any A G [0, A 2 ], any function 
u G Hq(Q) fi L°°(Q) verifying u > 0 on dfl and such that, for all v G H) (Q) D 
L°°(Q) with v > 0 a.e. in hi, 

(3.1) / \7uS7vdx> / [Ac(x)m + n(x)\ Vu| 2 + h(x)]v dx 

Jn Jn 


min u > —M. 
n 


satisfies 
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Remark 3.1. This result is valid under less regularity conditions than (A) and 
without sign conditions on c and h. More precisely, it holds under the conditions: 

C , N > 2 is a bounded domain with dfl of class C 1,1 , c and h belong to 
L P (Q) for some p > N/2 , /i € satisfies 0 < < fi(x) < /i 2 • 

Moreover, the lower bound does not depend on h + and depends only on an 
upper bound on A > 0. 


Proof. Let us 

take 

v = 

= u 

- / |Vu-| 2 

dx 

> 

-A 

Jn 






> 

-A; 

and hence 





4 
L 9 


in 


P\ 


9 


|V(w ) 3/2 | 2 dx + / |Vu | 2 dx < / h u dx + A 2 c + (u ) 2 dx. 

Jn Jn Jn 

For every e > 0 we have 

A 2 f c + (u~) 2 dx = f {A 2 c + ) l/2 (u~) l/2 (A 2 c + ) l/2 (u~) 3/2 dx 

Jn Jn 

< -^A 2 [ c + u~ dx + ^-A 2 f c + ((u~) 3/2 ) 2 dx. 
z£ Jn z Jn 

Also, for some constant Cat, by Sobolev’s embedding, we get 

f c+ ((«') 3/2 ) 2 dx < I|c + ||a/2||(m') 3/2 ||2* < v^I|c + ||a/2||v(m-) 3/2 ||^. 
Jn t/jv 

We then obtain 

4 


Fig / | V(w - ) 3/2 | 2 dx + / \Wu~\ 2 dx 


'n 


£ A' 


< / h u dx+J-A 2 I c + u dx + ^JJJ-\\c + \\ N/2 \\V(u ) 3/2 || 
Jn Z£ Jn z l ‘N 


Hence, by choosing e = 
2 


2e 

C N 4 

/i i -, it comes 


II- 




9 


A 2 11 c+11 jy /2 9 
|V(u _ ) 3/2 | 2 dx + I \Vu~\ 2 dx 


'n 


9Ai||c + |U/2 


c + u dx 


< h u dx + 

Jn o/xiGjv Jn 

<c(\\h-\\ N/ 2 \\Vu -\\ 2 + ^||c + |ft /2 ||ViT|| 2 ) 
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from which we deduce that 


I“ - IIhj < c(||/j—|| j // 2 + ^l|c + |U, /2 ). 

H' 1 


By Lemma |2.5| we obtain that 

u > —M := — M(A 2 ,//i, ||c||jv/ 2, ||h ||jv/2) 
which allows to conclude. 


□ 


As a simple corollary we have the following result. 


Corollary 3.2. Under conditions (A), for any A 2 > 0, there exists a constant 
M := M(A 2 , fii, ||c||tv/2, \\h ~|| jv/2) > 0 such that, for any A G [0, A 2 ], any upper 
solution (3 of (P\) satisfies 

mind > —M. 
n 


Proof. As /3 = min{/3,- | 1 < j < 1} where /3j are regular upper sol ution s, they 
belong to iL 1 (0) D L°°(f2) and satisfy (3.1). We conclude by Lemma 3.1 □ 

Let hi > 0 denotes the first eigenvalue of 

(3.2) —A u + Hih~(x)u — uc(x)u, u G Hq(Q), 

with corresponding eigenfunction ipi > 0. 


Theorem 3.3. Under condition (A), for any A 2 > Ai > 0, any A > 0, there 
exists a constant M > 0 such that, for any A G [Ai,A 2 ] 7 a G [0, A], any solution 
u of 

(3.3) — Aw = Ac(x)u + p(x)\ Vw( J + h(x) + ac(x), u G D L°°(Q), 

satisfies 

||w||oo < M. 

Moreover, viewed as a function of A 1; M = O 0 +(1/Ai). 


In the above theorem, the notation M = O 0 +(g( Ax)) means the existence of 
C > 0 such that 

Af(Ai) 

y J <C, as Ai ->• 0 + . 


g( A i 

Remark 3.2. The above theorem is valid under less restrictive conditions. In fact 
it is valid if we replace the regularity c and h G L P (Q) with p > N by c and 
h G L P (Q) with p > N/2 and h~ G L q (Q) for some q > N. This last condition 
is used to prove that the first eigenfunction ifi > 0 of (3.2) satisfies if 1 > d5(x) 
for some constant d > 0 where S(x) denotes the distance from x to dil. This is 


needed to insure that the conclusion of Lemma 3A holds. Following the proof of 
[3| Lemma 6.3] it is possible to prove that this condition on ifi holds under this 
stronger regularity. 
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In the proof of the Theorem 3.3| the following technical lemmas will be used. 
Lemma 3.4. Let p > y and 6 g]0,1[. There exist r g]0,1[ and a g] 0, |yy[ 


such that if we define 


(3.4) 
then it holds 

(3.5) 

and 

(3.6) 

Proof. See [3] Lemma 6.2], 


q = 1 + r + 


1 + 9a 


1 

T — — 


a 


a 


q 1 


a 


~<q< , 2N(yP - 

p p(N — 2 + 2t) 


2 

a < 

q 


□ 


Lemma 3.5. Let b G L p (Ll) with p > y. For any p, q > 1 and r G [0,1] 
satisfying (3.5), there exists C > 0 such that, for all w G Hq(D,) } 

b l / q w 

< c||&y vh| 2 , 


Vi 


□ 


where if i > 0 denotes the first eigenfunction (3.2). 

Proof. See |3, Lemma 6.3] or [Hj - 

Proof of Theorem \3.5\ Let A G [Ai,A 2 ], a G [0,A] and u be a solution of (3.3). 
Assume without loss of generality that Ai < 1 < A 2 . We define 


wax) = — (e 

H 


l*iU(x) 


1) and gi(s) = — ln(l + pis) i = 1,2. 


Then we have 


(3.7) u = gi(wi) = g 2 {w 2 ), 

(3.8) e^ u = 1 + fJLiWt, i = 1,2. 

Direct calculations give us 

—A Wi = e fJ ' iU (Xc(x)u + h(x) + ac(x)) + e /J ' iU (p(x) — pf)\ Vu| 2 

= (1 + p i w i )(Xc(x)g i (w i ) + h(x) + ac(x)) + (1 + piWi)(p(x) - Pi)\Vu\ 2 
Since )i\ < p(x) < p 2 , we have 

(3.9) — Aw\ > (1 + piWi)[Xc(x)gi(wi) + h(x) + ac(x)], 

(3.10) -A w 2 < (1 + p 2 w 2 )[Xc(x)g 2 (w 2 ) + h{x) + ac(x)], 


in a weak sense. 


From the inequalities (3.9) and (3.10), we shall deduce that w 2 is u nifor mly 
bounded in Hq(Q). This will lead to the proof of the theorem by Lemma 2.5 We 
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shall denote by C a generic constant independent of Ai and by C(Ai), a generic 
constant depending on Ai. We then precise its dependence on Ai. 

We divide the proof into three steps. 

Step 1. Let 6 = (/i 2 — /xi)//x 2 G]0, 1[. Then there exists D = Z?(Ai) > 0 
independent of A G [A 1; A 2 ] and of a G [0, A] such that 


(3.11) 

(3.12) 


in 


(1 + Hiivf)[cgi(wf) + h + + ac]ifi dx < D(Ai), 


(1 + fi 2 wf) 1 d [cg 2 (wf) + h + + ac]ifi dx < D(A 1 ). 


Moreover D(Af) = O 0 +(e 1 ^ Al )- 

Indeed, using ip i > 0 (defined in (3.2)) as a test function in (3.9) and integrating 
we have 

/ [v\c — pi h~]wiipi dx > / (1 + fiiWi)[Xcgi(wi) + h + ac]ipidx. 


Recording that A < A 2 and then, by Lemma 3.1, that g\ {w x ) = u is uniformly 
bounded we then obtain 

v i / cwiipidx> / (1 + pi\W\)[\cgi{w\) + h + ac\ipi dx + pi / h~u>i , ipidx 

Jn Jn Jn 

= / (1 + giWi)[Xcgi(wi) + h + + acjV’i dx — / dx 

Jn Jn 

+H i / h~wiipi dx 

Jn 

> / (1 + piic] l ")[Ac(7i(tc] t ") + h + + acj-01 dx — C. 

in 

Since A > Ai we then deduce that 

(3.13) h( / cwiipi dx > Ai / (1 + + h + + acj^i dx — C. 

Jn Jn 

Note that for any e > 0 there exists C £ > 0 such that, for all t > 0, 

(3.14) t < e(l + git)gi(t) + C^. 

A direct calculation shows that we can assume that C £ = Oo+^e 1 / 6 ). Using (3.14) 
Ai 

with e =-, we get that 

2ui 


(3.15) 


Vi / cwiipi dx < Vi / cwfipidx 

Jn Jn 

Ai 


< — / (1 + /Utc) 1 ") [cpi(w^) + /r + + acjV’i dx + C\ 1 . 
J Jo 
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We then obtain (3.11) from (3.13) and (3.15). Now observe that by (3.8), 
1 + fjL lWl = e' 11 " = {e^ u f- 6 = (1 + n 2 w 2 ) l ~ e . 


Thus from ( |3.7[ ) we see that ( |3.12[ ) is nothing but ( |3.11| ). 

Step 2. There exists a constant D = D(Ai) > 0 independent of a G [0,A] and 
A G [A 1; A 2 ] such that 

(3.16) ||Vw^|| 2 < D{ Ai). 

Moreover D( Ai) = O 0 +(e^ Al ) with f3 = 2 - q (i- a ) ■ 

to choose r G ]0,1[ and a G ]0, [ such that q and r 


First we use Lemma 


3.4 


defined by (3.4) satisfy (3.5) and ( 3.6[). 

Using wf as a test function in (3.10) it follows that 

|| V w 2 ||2 < / (1 + g 2 wf)[\cg 2 {wf) + h + + ac\wf dx. 

Jn 

Setting H = h + + Ac, we have 

HV-u^Hs < A 2 [ (1 + p 2 wf)[cg 2 (wf) + H]wfdx. 

Jn 

Now using Holder’s inequality, and since wf < (1 + ix 2 wf)//if 1 we obtain using 
(3.12) of Step 1 and for a .D(Ai) = Oo+( e ^ Al ), 


||VwJ|| 2 < — f (1 + fi 2 wf)[cg 2 {wf) + H)\ 
h 2 Jn 

< — ( [ 0-+ T 2 wt)[cg 2 {wf) + H] 




(1 + pi 2 wf) 1+ea 


h 2 \Jn 


x 


(1 + ix 2 wf) da 

(i + /x 2 wty 




dx 


dx 


<—L>( Al ) Q 

h2 


, | ' 1 +f>a \ 

(1 + fi 2 wf)[cg 2 (wf) + H ]— + - dx 

i iff~ a 

, . 1+flq \ 1—a 

(1 + g 2 wf)[cg 2 (wf) + H] 1 + - dx 


in 


if 


1 -a 

1 


We note that for r > 0 given by Lemma 3.4, there exists C > 0 

g 2 {t) < t r + C for all t > 0. 

Thus, direct calculations shows that 

(1 + H 2 wf)[cg 2 (wf) + H}( 1 + g 2 wf)^ < (c + H)(wf q + C), 
where q is given in (|3.4[). Therefore for some D(A\) = O 0 +( el//Al )> 


Vzc+Hl < D(A 1 ) C 


(c + H) l / q w 2 


dx 


1—a 


+ i 
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with q and r given in (3.4). Applying Lemma 3.5, we then obtain 

||v<||| < D^r [||c + H\\f-^\\Viut\\f- a) + 1 


By (3.6), we have q{ 1 — a) < 2 and this concludes the proof of Step 2. 
Step 3. Conclusion. 


By Lemma |3.1| we already know that u > —M for some M > 0. Hence we just 
have to show that the estimate (3.16) derived in Step 2 gives an est imate in the 
L°°(Q) norm of wf. Since w 2 satisfies (3.10) we can use Lemma 2.5 with 

d = ( 1 + /i 2W2 )Ac ln(1 + ^ 2W2) + p 2 (h + A c) 


P 2 W 2 


and 


/ = h + Ac. 

Observe that, for any r g] 0,1[, there exists C > 0 such that, for all x G and 
all A < A 2 , 

ln(l + p 2 w 2 ) 


Ac 


(1 + p 2 W 2 )~ 


where C depends on A 2 , r, /x 2 . 


P 2 w 2 


< Cc(\w 2 \ r + 1), 


Thus, since c(x) G L p (h2) with p > — and w 2 is bounded in taking 

r > 0 sufficiently small we see, using Holder’s inequality, that c(a:)|tc 2 (a:)| r G 
L Pl (Q) for some pi > Now as h G L P (Q) for some p > y, clearly all the 
assumptions of Lemma 2.5 are satisfied. From (3.16) we then deduce that there 
exists a constant -D(Ai) > 0 with -D(Ai) = O 0 +(e^ Al ) and /3 given by Step 2, 
such that 

Halloo < -D(Ai). 

Now since u + = g 2 (w ^) we deduce that 

llti+lloo < M{ Ai) 

for some M(A\) = O 0 +(1/Ai). □ 

Lemma 3.6. For every A 2 > 0, there exists > 0, independent of A G [0, A 2 ], 
such that the problem (3.3) has no solution for a > A\. 

Proof. Let (f G C“(h2) such that f Q c(x)<t> 2 dx > 0 and use <f> 2 as test function in 
(3.3). Then we obtain 

-\\7(j)\ 2 dx >2 j (j)VuV(j)dx— [ |/i(a;)||Vn| 2 0 2 dx 


\p(x)\ 


= A / cucf> 2 dx + / h(f 2 dx + a / c<f> 2 dx 

Jn Jn Ju 

> A min u / c 0 2 dx + / hcf 2 dx + a / of 2 dx. 

J q J J Qj 
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Since, by Lemma 3.1 there exists M > 0 such that, for all a > 0, any solution u 
satisfies u > —M, this gives a contradiction for a > 0 large enough. □ 

4. Results 

This section is devoted to the proof of our main results. 

Proof of Theorem 1. 4 Let C + C S be the continuum obtained in Theorem |l.l[ 
Either its projection Proj K C + on the A-axis is M. or its projection on the A-axis is 
] — oo. A] with 0 < A < T oo. In the first case, the result is proved. In the second 
case, as by Theorem 1.1 we know that C + is unbounded, its projection on C(fl) 
has to be unbounded. 


By Theorem 343 we know that for every 0 < Ai < A 2 , there is an a priori 
bound on the solutions for A G [Ai,A 2 ]. This means tha t th e projection of 
C + D ([Ai, A 2 ] x C(h2)) on C(fl) is bounded. Now by Lemma 


3.1 


there is a lower 

bound on the solutions for A < A 2 . Thus C + must emanate from infinity to the 
right of A = 0 with the positive part of the corresponding solution blowing up to 
infinity. □ 

Corollary 4.1. Under assumption (A) and assuming that (P 0 ) has a solution, 
let ifi > 0 the first eigenfunction of (1.1). If 


hip 1 dx > 0, 


then we are in case (i) of Theorem 1.2 and maxProj R C + < 71 . 


Proof. Let u be a solution of (P\). Multiplying by p\ > 0 and integrating we 
have 

(71 — A) / cup 1 dx — / n\\7u\ 2 pi dx + / hp\ dx > 0 

Jn Jn Jn 

which is a contradiction for A = 71 . Hence (P\) has no solution for A = 71 which 
proves that we are in the Erst situation in Theorem 1.2 □ 


In order to consider the situation where (Pq) has a solution with min u < 0, we 
need the following lemmas. 

Lemma 4.2. Under assumption (A), for every A > 0, there exists a strict lower 
solution v\ of (P\) such that, every upper solution (3 of (P\) satisfies v\ < j3. 


Proof. Let M > 0 be given by Corollary 3.2 such that, for every upper solution 
/3 of 

—A u = A c{x)u + n(x)\S7uf l — h~(x) — 1, in R, 
u — 0 , on dUl, 


(4.1) 


we have /3 > —M. 
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Let k > M and consider the solution of 

—Av = —Xkc(x ) — h~(x ) — 1, in hi, 
v = 0, on dfl. 

As —A kc(x) — h~(x) — 1 < 0, we have oik <C 0 by the strong maximum principle. 

Claim 1: Every upper solution (3 of (P\) satisfies (3 > a>k ■ In fact f3 = min{^- | 
1 < j < 1} where f3i,...,/3i are regular upper solutions of (-Pa)- Setting w = 
(3j — at c for some 1 < j < l we have 

—Aw > A c(x)(/3j + k) > 0, in hi, 
w = 0, on dkl. 

By the maximum principle w > 0 i.e. (3j > oik■ This proves the Claim. 

Consider then the problem 

—An = A c{x)T k {v) + /i(x)|Vu| 2 — h~(x) — 1, in fl, 


(4.2) 

where 


v = 0, 

Tk(v) = —k, if v < —k, 
= v , if v > —k. 


on dkl, 


It is easy to prove that and f3 are lower and upper solutions of (4.2) and hence, 
by Theorem 2d, this problem has a minimal solution Vk with oik <Vk < (3. 

Claim 2: Every upper solution j3 of (P\) satisfies (3 > Vk- Observe that, by 
construction of (4.2), every upper solution j3 of (Pa) is also an upper solution of 
(4.2). As, by Claim 1, we have (3 > ak, the minimality of Vk implies that Vk < (3. 

Claim 3: Vk is a lower solution of (Pa)- Observe that Vk is an upper solution 
of (4.1). Hence Vk > — M > —k and Vk satisfies 

— Av = A c{x)v + /i(x) |Vu| L ’ — h~(x ) — 1, in O, 
v = 0, on dfl. 

This implies that Vk is a lower solution of (Pa). 

Claim f: Vk is a strict lower solution of (Pa)- Let u be a solution of (Pa) with 
u > Vk- Then w = u — Vk satisfies 

—Aw — /j(s)(V« + Wv k | Vw) > A c(x)w + h + (x) + 1 > 1, in O, 

w = 0, on <9fL 


By the strong maximum principle (see 
i.e. u Vk- 


Theorem 3.27]), we deduce that w 0 

□ 


Remark 4.1. Lemma 4.2 shows that, for (Po), to have an upper solution is equiv¬ 
alent to have a solution. 
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Proof of Theorem \1.3[ We proceed in several steps. 

Step 1: For all £ > 0, there exists R > 0 such that deg(J — A4 0 ,S) = 1 with 
S = {u G Cq (O) | m 0 — e -C u <C M 0 + £, IMIc 1 < R}- 

It is easy to prove that u 0 — £ and Uq + £ are lower and upper solutions of (P 0 ). 
Moreover, as u 0 is the unique solution of (P 0 ), we deduce that u 0 — £ and u 0 + £ 
are strict lower and upper solutions of (Pq). The result then follows by Theorem 

[2~n 

Step 2: There exists a A 0 > 0 such that deg(J — Mx, S) = 1 for A g]0, A 0 [ with 
S defined in Step 1. 

Let us prove first the existence of A 0 > 0 such that, for A g]0, A 0 [, (Pa) has 
no solution on dS. Otherwise, there exist a sequence {A n } with \ n —> 0 and 
a corresponding sequence of solution {w n } C W 2 ' p (yi) of (Pa) with u n G dS. 
Increasing R if necessary, this means that Uq — £ < u n < Uq + £ and either 
max(«„ — uo) = £ or min(u n — u o) = 
such that, for all n G N, 


u r 


£. By Lemma 2.4 there exists a R > 0 
w^,p < R. Hence, up to a subsequence, u n —>■ u in 
Cq(I 2). From this strong convergence we easily observe that 

— Au — n(x)\ Vu| 2 + h(x), in O, 
u — 0, on (90, 

and either max(« — u 0 ) = £ or min(w — u 0 ) = —£ i.e. u is a solution of (P 0 ) with 
u G dS which contradicts Step 1. 

We conclude by the invariance by homotopy of the degree that 
deg (I - M\, S ) = deg(J - M 0 , S) = 1. 

Step 3: (P\) has two solutions when A G ]0, Ao[. By Step 2, the existence of a first 
solution uq — £ «a,i uq + e is proved. 

Also, using Lemma 3.6, there exists A\ > 0 large enough such that (3.3) has no 
solution for a > A\. By Theorem |3.3| and Lemma |2.4| there exists a Ro > R > 0 


such that, for all a G [0, Ax], every solution of (3.3) satisfies ||«||< 7 i < R 0 . Hence, 
by homotopy invariance of the degree, we have 

deg(J - Mx, B( 0, R 0 )) = deg(/ -M x ~ C~\A lC ), B{ 0, Ro)). 


As for a = Ai, the problem (3.3) has no solution, we have 
deg (7 — Mx — jC-\A iC ),B(0,R 0 )) = 0. 
We then conclude that 


deg(7 - Mx, B( 0, R 0 ) \ S) = deg(7 - Mx, B{ 0, R 0 )) - deg(7 - M X ,S) = -1. 
This proves the existence of a second solution 2 of (Pa) with 2 £ P(0, R 0 )\S. 
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Step 4 : Existence of X such that, for all X g]0, A[, the problem (Pa) has at least 
two solutions with u \ t i <C u\^ ■ Define 

A = sup{/i | VA G ]0, p[, (Pa) has at least two solutions}. 

For A g]0,A[, (Pa) has at least two solutions u\,i and u\, 2 . Let us consider the 


strict lower solution a given by Lemma 4.2 As a < u for all u solution of 


(Pa), we can choose wa,i as the minimal solution with wa,i > ol. Hence we have 
ua,i ^ ma ,2 as otherwise there exists a solution u with a < u < min(«A,i) u \, 2 ) 
which contradicts the minimality of Mat- 

Now observe that, by convexity of 2 / 1 —>■ \y\ 2 , the function f3 = }(«a,i + ^Ag) is 
an upper solution of (P A ) which is not a solution. Let us prove that [3 is a strict 
upper solution of (Pa)- Let u be a solution of (Pa) with u < (3. Then v := (3 — u 
satisfies 

—An — n(x)(Wl3 + Vu | Vu) > A c(x)v > 0, in D, 
v > 0, in fL 

By the strong maximum principle we deduce that either v 0 or v = 0. If v = 0, 
then f3 = u is solution which contradicts the construction of f3. As «a,i ^ f3 ^ u\ i2 , 
we deduce from the fact that (3 is strict that ma,i f3 ^ ma ,2 and hence we have 
proved the step. 

Step 5: In case X < +oo, the problem (Pj) has at least one solution u. Let 
{A n } C ]0, A[ be a sequence such that A n —> X and {u n } C IF 2,P (D) be a sequence 
of corresponding solutions. By Theorem |3 .3 , there exists a constant M > 0 such 
that, for all n G N, ||w n ||oo < M and, by Lemma 2.4, we have R > 0 such that, for 
all n G N, ||u n ||w 2 .p < R- Hence, up to a subsequence, in Cq(D). From 

this strong convergence we easily observe that 

—Am = Xc(x)u + pfxfWu\ 2 + h(x), in D, 
u — 0, on dQ, 


namely u G H /2,p (f2) is a solution of (Py). 


Step 6: Uniqueness of the solution of (Pj) in case X < + 00 . Otherwise, if we 
have two distincts solutions iq and u 2 of (Py), then, as in Step 4, we prove that 
(3 = l(ui + u 2 ) is a strict upper solution of (P A ). Let us consider the strict lower 
solution a f3 of (P A ) given by Lemma 4.2 By Theorem 2.1, we then have 
R > 0 such that 

deg(J- Mj,S) = 1, 


where 

5 = {mG Co(fi) | a < « C /i, Hullc 1 < P}. 

Arguing as in Step 2, we prove the existence of £ > 0 such that, for all A G 
[A — e, X + £], deg(J — A4a, S) — 1 and, as in Step 3, we prove that (Pa) has at 
least two solutions for A G [A, A + e] which contradicts the definition of A. 
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Step 1 : Behaviour of the solutions for X — » 0. Let {A n } C ]0, A[ be a decreasing 
sequence such that X n —> 0. Without loss of generality, we suppose X n e]0, Ao[. 
Then, by Steps 2 and 4, the corresponding solutions u\ nj i satisfy u\ n ,i < u$ + e. 
Recall that, by Corollary |3.2[ there exists M > 0 such that, for all n, Ux n ,\ > — M. 
This implies that the sequence {wa„,i} is bounded in C(f2). We argue then as in 
Step 5 to prove that Ux n ,i u in C*o(f2) with u solution of (P 0 ). By uniqueness 
of the solution of (Po), we deduce that u = u 0 . 

Now let us consider the sequence If {wA n ,2} is bounded, then as in 

Step 5, we have that u\ nt2 —*• w in Cg(fi) with u solution of (P 0 ). By Step 
3 and the facts that «a „,2 ^ <S, Ux n}2 ux n ,i an d u\ n ,i —> w 0 , we know that 
max{w An 2 — Mo} > £ - This implies that m ^ « 0 which contradicts the uniqueness 
of the solution of (P 0 ). □ 


Remark 4.2. Observe that, by the above proof, we see that the set of A for which 
the problem (P\) has at least two solutions is open in ]0,+oo[. 


Proof of Theorem \1.4\ We proceed in several steps. 

Step 1: Every non-negative upper solution of (P\) satisfies u ^ uq. If u is a 
non-negative upper solution of (P\) then u is an upper solution of (To)- By 
Proposition 2.3 we deduce that u > uq and hence u is not a solution of (Pq)- As 


in Step 4 of the proof of Theorem 1.3, we prove that u u 0 . 


Step 2: The problem (P\) has no non-negative solution for X large. Let 


the first eigenfunction of (1.1). If (P\) has a non-negative solution, multiplying 
(Pa) by > 0 and integrating we obtain 


7i / cucpi dx = — / Au<pidx = X / cmpi dx + / fx\ \7u\ 2 <pi dx + / htpidx , 
Jvt Jo. Jn Jn Jn 

and hence, for A > 71, as u > u 0 , we have 


0 > (A —71) / cmpi dx + / p\\7u\ 2 tpi dx + / lupidx 

J r2 J J r2 

> (A — 71) / cuoipidx+ / n\\7u\ 2 (pi dx + / hp\ dx 

J £1 J J Qj 

which gives a contradiction for A large enough. 


Step 3: Define X = sup{A | (P\) has a solution u\ > 0}, then. X < +cx) and, for 
all X > X, (P\) has no non-negative solution. This is obvious by definition of A 
and Step 2. 


Step 4-' For all 0 < X < X, (P\) has well ordered strict lower and upper solutions. 
Observe that Uq is a lower solution of (P\) which is not a solution. By definition 
of A, we can find A e]A, A[ and a non-negative solution u^ of (P^). Then u^ is 
an upper solution of (P\) which is not a solution and satisfies u 1 > u 0 by Step 1. 
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At this point following the arguments of Step 4 of the proof of Theorem 1.3 , we 
prove that u$ and u x are strict lower and upper solutions of (Pa). 

Step 5: For all A g]0, A[, (Pa) has at least two positive solutions with uo 
u x ,i <C ma, 2 • By Step 4, Theorem 2.1 and Remark 2.2, we have Po > 0 such that 
deg(J — M\, S) = 1 with 

S = {u G Co(fl) IMIc 1 < -Rol¬ 

and we have the existence of a first solution wa,i of (Pa) with uq < ma,i < u x . Let 
us choose ua,i as the minimal solution between w 0 and u~ x . 

Now, using Lemma 3.6, there exists Ai > 0 large enough such that (3.3) has 
no solution for a > Ay By Theorem 3_3 and Lemma 2. 4| there exists R\> Rq> 
0 such that, for any a G [0,every solution of (3.3) with u > u 0 satisfies 
|| u || c 1 < Pi- Hence, by homotopy invariance of the degree we have 

deg(J - M\,V) = deg (I - M\ - £ _1 (Aic), D), 

where 

V = {u G Co(fi) I «0 U, llullc 1 < Pl|- 
As for a = Ay (3.3) has no solution, deg(J — M. x — £~ 1 (A 1 c),P) = 0 and we 
obtain 


deg(J -M X ,V\S) = deg (I - M\, V) - deg (/ - M x , S) = 0 — 1 = -1. 

This proves the existence of a second solution wa ,2 of (Pa) with wa ,2 3> uq. As 
«a,i is the minimal solution between w 0 and u x , we have wa,i ^ wa ,2 as otherwise, 
by Theorem 2.1, we have a solution u with Uq < u < min{uA,i, u x ^, m a } which 
contradicts the minimality of wa,i- We proceed as in Step 4 of the proof of 
Theorem 1.3 to conclude that wa,i ma, 2 - 

Step 6: For Ai < X 2 , we have u Xlt i <C Ua 2 ,i- As u x ,i is the minimal solution above 
Mo and, as in Step 4, u\ 2 ,\ is a strict upper solution of (P x J with ma 2 ,i > uo, we 
deduce that ma 1; i <C ma 2 ,i- 

Step 1: The problem (P A ) has at least one solution. Let {A^} C ]0, A[ be a sequence 
such that A n —> A and {u n } C W 2,p (Ul) be a sequence of corresponding non 
negative solutions. We argue as in Step 5 of the proof of Theorem L3 to obtain 
that, up to a subsequence, u n —$■ u in Cq(H) with u G W 2 ' p (Fl) solution of (P A ). 

Step 8: Uniqueness of the non-negative solution of (P A ). The proof follows the 


lines of Step 6 of the proof of Theorem 1.3 


Step 9: Behaviour of the solutions for A —* 0. This can be proved as in Step 7 of 
the proof of Theorem |1.3 □ 


Proposition 4.3. Under assumption (A), assume that (Po) has a solution uq < 0 
with cuo ^ 0. Then, for all A > 0, problem (Pa) has at most one solution u < 0. 
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Proof. The proof is divided in three steps. 

Step 1: If u is a lower solution of ( P \) with u < 0, then u -C u 0 . In fact, u is a 
lower solution of (P 0 ) and, by Proposition 2.3 we have u < u 0 . In addition for 
w = u 0 — u, as cu < cuq ^ 0 we have 

—Aw — /i(x)(Vu + V«o | Vra) = —A c(x)u ^ 0, in fl, 
w = 0, on dfi. 

This implies that w 0 i.e. u <C u 0 < 0. 

Step 2: If we have two solutions U\ < 0 and u 2 < 0 of (Pa) then we have two 
ordered solutions u\ ^ u 2 < uq. By Step 1, we have u\ <C uq and u 2 -C uq. 
In case u\ and u 2 are not ordered, as uq is an upper solution of (Pa), applying 
Theorem 2.1, there exists a solution u 3 of (Pa) with max{wi,W 2 } < n 3 < Uq. This 


proves the step by choosing u\ = u\ and u 2 = w 3 . 


Step 3: Conclusion. Let us assume by contradiction that we have two solutions 
U\ < 0 and u 2 < 0. By Step 2, we can suppose v.\ ^ u 2 . As \u 2 \ 0, the 

set {n G Co(f2) | v < \u 2 \} is an open neighborhood of 0 and hence the set 
{e > 0 | u 2 — Ui < e\u 2 \} is not empty. Then defining 

e = inf{e > 0 | u 2 — U\ < ^2 1} 

we have that 0 < e < oo and 


£ = min{£ > 0 | u 2 — U\ < £|m 2 |}- 
(1 + e)u 2 - ui 


w s = 


Vli 2 = 


1 + £ 


)\/Wg 


' 1 + £ 


)Vu i, 


(4,3) 

Letting 

we can write 

and by convexity 

We then obtain 

—A w g < \c(x)wg + ii(x)\X7we\ 2 + h(x). 

By the choice of e > 0, w g < 0 and, by Step 1, w g uq < 0. At this point, we 
have a contradiction with the definition of £ given in (4.3). □ 

Our next result can be viewed as a generalization of [2} Theorem 3.12], 


Vu 2 | 2 < (——)|Vn; £ -| 2 + (——)|Vm| 2 . 


' 1 + s 


1 + £ 


Corollary 4.4. Under assumption ( A ), assume that h 0. Then, for all A > 0, 
the problem (Pa) has exactly one solution u < 0. 
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Proof. Clearly u = 0 is an upper solution of ( P\ ) for all A > 0. By Lemma 4.2 


for all A > 0, (Pa) has a lower solution a x < 0. From Theorem 2.1 it follows that 
(Pa) has a solution u x with a x < u x < 0. Now, as uo satisfies 

-Au 0 = p(x)\Wu 0 \ 2 + h(x ), 

the strong maximum principle and h S 0, implies that u 0 ^ 0 and in particular 


cuq S 0. We now conclude with Proposition 4.3 


□ 


Proof of Theoremy 775| We proceed in several steps. 

Step 1: For all A > 0 , u 0 is a strict upper solution of (Pa)- Clearly u 0 is an 
upper solution of (Pa) which is not a solution. To prove that it is a strict upper 


solution, we argue as in Step 4 of the proof of Theorem 1.3 


Step 2: For all A > 0, (Pa) has a strict lower solution a with a < (3 for all upper 


solution (3 of (Pa)- This is Lemma 4.2 


Step 3: For all A > 0, (Pa) has at least two solutions with 

Wa,i •C u 0 , u x ,i -C Wa ,2 and max ti x .2 > 0. 


By Steps 1, 2 and Theorem 2.1, there exists a R > 0 such that deg(J — M. x , S) = 1 
with 

5 = {«e h-o(fl) | a < m < m 0 , IMIc 1 < P}- 

In particular the existence of a first solution ma,i <C u 0 is proved. 

The proof of the existence of a second solution wa ,2 with wa,i wa ,2 is derived 


we 


exactly as in Step 3 and 4 of the proof of Theorem 1.3 By Proposition 4.3 
have maxM A) 2 > 0. 

Step 4 : h/Ai < A 2 , then u Xl ,i 'Ua 2 ,i- As uai,i is a strict upper solution of (Pa 2 ) 
and ua 2 ,i is the minimal solution of (Pa 2 ), we have u Xl) \ ua 2 t. 

Step 5: Behaviour of the solutions for A —> 0. This can be proved as in Step 7 of 
the proof of Theorem |1.3 


□ 


Proof of Corollary \1.6[ By the proof of Corollary 4.4, as h 0, we have the 
existence of a solution w 0 of (Po) with w 0 •C 0 and hence the result follows by 
Theorem 11.51 □ 


Proof of Theorem E3 First observe that if (Pa) has an upper solution /3 X < 0, 
then (3 X satisfies also cf3 x ^ 0 as otherwise, it is also an upper solution of (Po), 
which contradicts the assumption (a) by Lemma |4.2 and Theorem 2.1 
Let us define 

A = inf{A > 0 | (Pa) has an upper solution /3 X < 0 with c/3 x ^ 0}. 

Let A > A- By definition of A, there exists A € ] A, A[ such that (P^) has an 
upper solution (3^ < 0 with c/3^ ^ 0. Clearly (3~ x is an upper solution of (Pa) 
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which is not a solution and hence, as in Step 4 of the proof of Theorem 1.3[ (3 is 
a strict upper solution of (Pa). 

By Lemma 4.2 (Pa) has a strict lower solution a < (3^ and a < u for all solution 
u of (Pa)- Using Theorem 2.1| there exists R > 0 such that deg(J — M.\,S) = 1 
with 

5 = {«e Q)(U) | a « u « /3^, Hwllc 1 < P}- 
In particular the existence of a first solution wa,i <C 0 follows. 

To obtain a second solution wa ,2 satisfying wa,i -C u\ ^ we now just repeat the 
arguments of Steps 3 and 4 of the proof of Theorem 0 

Again, following the arguments of Step 4 of the proof of Theorem L5 we prove 
that if Ai < A 2 , then «Ai,i Wa 2 ,i- 

To show that ( P \) has at least one solution with u < 0, let {A n } c]A, +cx)[ be 
a decreasing sequence such that \ n — » A and {u n } C W 2,P (Q) be a sequence of 
corresponding solutions with u n < u n+ 1 < 0. As {m„} is increasing and bounded 
above, there exists M > 0 such that, for all n e N, ||M n ||oo < M and hence, 
arguing as in Step 5 of the proof of Theorem 1.3, we prove that ( P \) has at least 
one solution with u < 0. 


By assumption (a), we have that A > 0 as we just proved that (Pa) has at least 
one solution with u < 0. The proof of the uniqueness of the non-positive solution 
of (Pa) follows then as in Step 6 of the proof of Theorem 
by definition of A > 0 and the first part of the proof. 


1.3 Finally 


iii) follows 
□ 


Proof of Theorem 1.8. Let A > zq. We proceed in several steps. 


Step 1: For k > 0 small, (Q\ t k) admits a solution. In view of Lemma 4.2 and of 
Theorem 2.1 it suffices to show that (Q\,k) admits an upper solution. 


Let £q > 0 be given by Proposition 


2.6 


corresponding to c = c, d = and 

h = P2h + and choose Ao G ]iq, min(zq + e 0 , z/i + r ^r 1 )]. Then let w 0 be the 
solution of 

—Am + h~u = Ao cu + P2h + , in A2, 
u = 0, on dQ. 

Also taking 5 > 0 small enough we have that 


Ao-s > (1 + As) ln(l + As) 

for all s G [—5, 0]. Thus defining /3k = \w for k > 0 small enough, it follows that 
/3fc G [—5, 0] and 

-A(3 k + h~f3 k > c(l_+ A/dfc) ln(l + A/3 fc ) + k l fh + , in f1, 

/3 fc = 0, on dQ. 


At this point defining /3 fc = A ln(A/3fc + l) we see, after some standard calculations, 
that (3k < 0 is an upper solution for (Qaa)- 
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Step 2: For k large, the problem (Qx,k) has no solution. Let 0 G C^(f2) such 
that 0 2 0. Then, using 0 2 as test function we obtain, by Lemma 3.1 

^ -|V0| 2 oh > 2 f 0(Vu, V0) dx — [ p(x)\ Vu| 2 0 2 dx 


Kx) 


in 


= X cu(f> dx + k h + cf> dx 


n 

+ J.2 


— I h 0 2 dx 

Jn 

> —AM / c0 2 dx + k I h + 4> 2 dx — h~ <f> 2 dx 


’n 


which is a contradiction for k > 0 large enough. 

Step 3: Define 

k = supjfc G ]0, +oo[ | the problem (Q\ t k) has at least one solution }, 

then k G ]0, +cx)[ and for k G ]0, k[, the problem (Q\ t k) has a strict upper solution. 
By Step 1 and 2 we have easily k G ]0, +oo[. 

Let k G ]0, k[ and k G ]k, k[ be such that ( Q x jf) has a solution ft. Then — rfi 
is an upper solution of (Q\,k) as 

-A/3 = \c(x)fi+ hp(x)\V(3\ 2 + kh + (x) - fh~(x) 

> Xc(x)/3 + p(x)\XJj3\ 2 + kh + (x) — h~(x), in hi, 

f3 > 0, on dVt, 

i.e. f3 is an upper solution of (Q\,k)- Now, as in Step 4 of the proof of Theorem 


1.4 we can prove that (3 is a strict upper solution of (Q\ : k)- 


Step f: Conclusion. At this point the proof follows as in the proof of Theorems 
1.5| This is possible in view of Step 2 and of Theorem 3.3 


1.4 


or 


□ 


Proof of Corollary \1.£\ First observe that, by [3[ Lemma 6.1] (see also the proof 
of Corollary 4.1 above), we know that (P 7l ) has no solution. Hence also, for all 
A > 0 , ( P\) has no solution with cu = 0 as otherwise u is solution for every AgK 
which contradicts the non existence of a solution for A = 71 . 


By Step 3 of the proof of Theorem 1.8, there exists k > 0 such that, for all 


k g]0, k], the problem (Pfi) has a strict upper solution (3 0 with (3 0 -C 0. The 


existence of A 2 > 71 as in (iii) can then be deduced from Theorem 1.7 


By 0 Theorem 1.1], decreasing k if necessary, we know that for all k g]0, k], 
the problem (P 0 ) has a solution u 0 0. Hence the existence of Ai as in (i) can 
be deduced from Theorem 11.41 □ 


Proof of Theorem \1.10{ First observe that, for all A G R, « = 0 is solution of 
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Step 1: for all A e]0, 7 i[, the problem (1.5) has a second solution u\ >2 ^ 0. Let 
us prove that the problem (1.5) has a strict upper solution /3 > 0. To this end, 
let A < 71 and e > 0 such that, for all v e [0,e], \ A+V 2 v)Mi+^ 2 v) < Consider 

then the function [3 = eipi where (p± denotes the hrst eigenfunction of (1.1) with 
\\ipi ||oo = 1 and observe that 

(1 + l n (l + T2@) 


-A/3 ^ Ac(x) 


P = 0, 




a.e. in Q, 
on dtt. 


Hence for /3 being defined by (3 = l Av23+b , we have 


— A/3 ^ A c(x)f3 + 1A7/31 2 > A c(x)(3 + p{x)\\7f3\ 2 , a.e. in fi, 

(3 = 0, on dfl. 


This implies, as in Step 4 of the proof of Theorem 1.3, that (3 0 is a strict 

upper solution of (1.5). 


By O Lemma 6.1], we know that, every solution u of ( |1.5[ ) satisfies u > 0 and 
by Lemma 4.2 the problem (1.5) has a strict lower solution a ^ 0. Hence we 


conclude the proof of (i) following the same lines as in the proof of Theorem 1.4 
the solution u\ t i being u = 0 . 

Step 2: For A = 71 the problem (1.5) has only the trivial solution. This can be 


proved as in Corollary 4.1 


Step 3: For A > 71 , the problem (1.5) has a second solution u\ )2 <C 0. Let 
A > 71 and A 0 €] 7 i,A] such that, by Proposition |2.6 the problem 

(4.4) - Au = X 0 c(x)u+ 1, u e Hq(Q) D L°°(Q) 


has a solution u <C 0. This implies that for e > 0 small enough, the function 
(3o = eu satisfies 

-A/3 0 = A 0 c(x)f3 0 + e > A 0 c(x)/3 0 + p£ 2 \Vuf 2 = A 0 c(x)/3 0 + fjt\ V/3 0 | 2 


and the problem (P\ 0 ) has an upper solution /3 0 with /3q < 0 and c/3o ^ 0 . 


result follows by Theorem 1.7 


The 

□ 


5. Complement in case p constant 

First observe that, in the case /j constant, we have a necessary and sufficient 
condition for the existence of a solution of ( Pq ). 

Proposition 5.1. Assume that (H) holds with fi a positive constant. Then (P 0 ) 
has a solution if and only if the first eigenvalue £i(c) of the problem 

—Aw — phw = £ cw, in fi, 
w = 0 , on <9fi, 


satisfies £i(c) > 0 . 
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Proof. By [3j Remark 3.2], we know that, if (Pq) has a solution then 

inf / (| Vu| 2 — fih(x)u 2 ) dx > 0, 

{uetfRn)! |M| H i (n) =i} Jfi 
and hence £i(c) > 0. 

On the other hand, if 0 (c) > 0, this implies that the problem 

—Aw — phw = ph + , in 0, 
w = 0, on <90, 


has a positive solution w. 
positive upper solution of (P 0 ). 
a < f3, we conclude by application of Theorem 2.1 


It is then easy to prove that (3 — A ln(w + 1) is a 


As, by Lemma 4.2, (Pq) 


has a lower solution 

□ 


Proposition 5.2. Assume that (A) holds with p a positive constant and that 
there exists a sequence {A n } c]0,+oo[ with X n —> 0 and two sequences 
of solutions of (P\ n ) such that 

Anll^Anlloo t 0 and A^HwAnlloo t 0, 

as \ n —* 0. Then, for any n G N sufficiently large, u\ n = u\ n . 

Proof. If u n is a solution of (P\ n ) by the change of variable u n = A ln(u n + 1) we 
have that v n > — 1 is solution of 


(5.1) 


-Av n - phv n = X n c (1 + v n ) ln(l + V n ) + /l/i, in O, 
v n = 0, on <90. 


Setting D(X n ) := ||u n ||oo, since v n = e^ Un — 1 we deduce that llunlloo < C(X n ) 
where 

C{X n ) = P lD{Xn) - 1. 

Now observe that if we assume that X n D(X n ) —>• 0 then 


lim A„(ln(l + C(X n )) + 1) = lim A„P(A n ) = 0. 

An - ^0 Xn —^0 


As, by Proposition 5.1, £i(c) > 0, there exists n 0 G N such that, for all n > n 0 

An(ln(l + C^A^)) + 1) < £l(c). 


If we assume by contradiction that, for n > n 0 , u\ n ^ u\ n then (5.1) has also 


two distinct solutions v nt i and u n , 2 and w n = v n p — u ni2 is a solution of 
(5.2) 


—Aw — phw = X n cp n (x) w, in 0, 
w = 0, on <90 











32 


C. DE COSTER AND L. JEANJEAN 


with 


Pn{x) = 


(1 + v U}1 (x)) ln(l + u n) i(ic)) - (1 + V n>2 (x)) ln(l + v n , 2 (x)) 


V n ,l ( x ) “ V nA X ) 

= ln(l + v n p(x)) + 1, 
and by assumption 0 < A n p n < £i(c). 


if V n ,i(x) ± V nj2 (x), 
if v n ,i(x) = v n - 2 (x), 


As (5.2) has a nontrivial solution, we have £ \i{\ n cp n ) = 1 for some j 6 N. 
Moreover, as \ n p n < £l(c), we know by |13j that 1 = £,i(\ n cp n ) > £i(c£i(c)) = 
£*( c )/£i( c )- This contradicts that the sequence of eigenvalues (£;( c ))* is strictly 
increasing and proves the proposition. □ 

Under the assumption that // is constant, the following lemma gives informa¬ 
tions on the set of solutions of ( P \) for A > 0 small. 

Corollary 5.3. Assume that assumption (A) holds with p a positive constant 
and that (P 0 ) has a solution u 0 . Let {uA n } be a sequence of solutions of (P\ n ) 
satisfying A n ||wA n ||oo —> 0 as X n —> 0. Then we have, for any n G N sufficiently 
large, 

(i) u\ n = u\ nt i where u\ n p is the minimal solution given in Theorem 1.3, In 
particular u\ n —* uq in C'o(U). 

(ii) (\ n ,u\ n ) belongs to C + where C + is defined in Theorem H3 

Proof. Since {wA n ,i} satisfies A n ||wA„,i||oo —> 0 as A n —* 0 it directly follows from 
Proposition 5.2 that, for any n G N large enough, u\ n = U\ n ,i- In part icular it 

follows from Theorem 1.3 that u\ n —>■ w 0 br Cq(U). Now by Theorem |l.l| we know 

cm 


that, for n e N large enough, there exists u\ n such that (\ n ,u\ n ) E C + . Since, by 
continuity, we have that A n ||uA n ||oo —> 0 we deduce by (i) that u\ n = ua„,i- Thus 
u\ n =u Xn . □ 

Also using again that A n ||wA n ,i||oo —> 0 as X n —* 0 , we immediately deduce from 
Proposition A2 the following result. 

Corollary 5.4. Assume that (A) holds with p a positive constant. 

(i) In Theorems \1.3\ \l.fi\ |T5| and 1.10 we have that 

I ^-A,211 oo 0. 


lim inf, 

A—>0+ 


11 


The bound derived in Theorem 3.3, ||^||oo < M( A) for any solution u of 
(3.3) with 


linr sup M(A) A < C 

A—>0+ 


for some C > 0 is sharp. 
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6. Case N = 1 and open problems 


In case Q = [—f, f] he. N — 1 and fx > 0, c > 0 and h ^ 0 are constants, we 
can make a more precise study of the situation. 

By the classical change of variable v = — 1, we are reduce to the problem 


( 6 . 1 ) 


— v" — jihv = \{v + 1) ln(v + 1) + [ih, in [— 
v>-l, in[-|,f] 

«(-?)= 0, v(|) = 0. 


It is easy to prove that in case A = 0 this problem has a solution if and only if 
/! h < ( 7 r/T) 2 which corresponds to the condition (1.2). 

As this problem is autonomous, we can make a phase-plane analysis. There 
are three different situations: h > 0 and A > 0 small, h > 0 and A large, h < 0. 


Case 1: 0 < A < 2/xh. In that case the phase plane is given by 



We then see that the only possibility is to have positive solutions. Moreover 
considering the time map T+(a) which gives the time for the positive part of the 
orbit to go from (0, a) to (0, —a) with a > 0 , it is easy to prove that 


lim T + (a) = 0 and lim T + (a) = 0. 

a-s>0 a —>+00 


This implies the existence of To > 0 such that, for all T < To, the problem (6.1) 
has two solutions and, for T > To the problem (6.1) has no solution. Numerical 
experiment shows that the count is exact. 

This corresponds to what we prove in Theorem 1.4 together with [3, Lemma 
6 . 1 ] where it is shown that, in case h ^ 0 , for all A < 71 , every solution of (P\) is 
non-negative. 


Open problem 1 Can we prove that, for all A < 71 , every solution of (T\) 
is non-negative under the sole condition that (P 0 ) has a solution u 0 with u 0 > 0 
and cuq ^ 0 ? 
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Open problem 2 Can we prove, under the assumptions of Theorem 1.4 


or 


even under the assumptions of Theorem 1.3 , that, for all A < 71 , we have at most 
two solutions? 


Case 2: A > 2/xh > 0. In that case the phase plane is richer and is given by 



We see the possibilities of positive solutions but also of negative or sign-changing 
ones. 

We can prove that if fill > ( 7 r/T) 2 or A > (t/T) 2 then the problem (6.1) has 
no non-negative solutions i.e. the time T + (a) for the positive part of the orbit to 
go from (0, a) to (0, —a) with a > 0 is too short with respect to the length of the 
interval we consider. 

For what concerns negative or sign-changing solutions, we see that, if we denote 
by To the time needed by the solution with rnaXj _t t^u = 0 to make a turn in 
the phase plane, then for T > T 0 , there is a negative solution as well as a sign¬ 
changing one. This is the situation studied in Theorem |1.7 


But for T > kT 0 we have also solutions making k turns in the phase plane. 


Open problem 3 Can we prove in Theorem o that the second solution 
changes sign? 


Open problem 4 Can we prove that in a small interval below A in Theorem 


Open problem 5 Can we prove the existence of more then two solutions for 
A large? Is there a link with the spectrum of the problem 


1.7, the problem (P\) has no solution and that U\< 0 but U\ 0 ? 


(6.2) 


2Vi = 'yc(x)(fi, if! 6 iJd(fi)? 
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Case 3: h < 0. In that case, the phase portrait is given by 



and we see that we have always a negative solution. Moreover, if we denote by 

T\ the time needed by the solution with min,_T t,u = 0 to make a turn in the 

_L. 2 ’ 2 I- 

phase plane, then, for T < 7\ the problem (6.1) has a positive solution (as again, 
considering the time map T + (a ) which gives the time for the positive part of the 
orbit to go from (0, a) to (0, —a) with a > 0, we have lim T + (a ) = 0) and for 

a— H-oo 


T > T\ we have a sign-changing solution. This is the situation considered in 
Theorem 11.51 


Open problem 6 Can we prove in Theorem IH that the second solution is 
positive for A > 0 small and changes sign for A large? 


Moreover, for T > kT\ we have also solutions making k turns in the phase 
plane. 

Open problem 7 As in open problem 5, can we prove the existence of more 
then two solutions for A large? 


In addition to the above open problems directly induced by the phase plane 
analysis, we also propose the following questions. 


Open problem 8 Can we give a more precise characterization of the situation 
in case h changes sign or uq changes sign? 

Open problem 9 In [22] some a priori bounds for non-negative solutions have 
been derived without assuming that p(x) > n i > 0. Can a similar result be 
obtained in the general case ? 

Open problem 10 In [3], the results are obtained under less regularity as¬ 
sumptions (c, h G L P (Q) with p > N/ 2). In (2], the regularity is even weaker. If 
some of our results are still valid when (A) is weakened, how dependent is the 
structure of the set of solutions of our regularity assumption ? 
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7. Appendix : Proof of Theorem 12.11 

Let us denote a := max {a, | 1 < i < k} where an,... , a*, are regular lower 
solutions of ( 2 . 1 ) and f3 = min{/3j | 1 < j < 1} where j3\, ..., (3i are regular upper 
solutions of (2.1). The proof is divided into three parts. 

Part 1. Existence of a solution u of (2.1) with a < u < j3. Observe that by 
Lemma 2.4, there exist R > 0 such that, for every function / satisfying (2.4) and 
every solution u of (2.1) with a < u < (3, we have 

(7.1) 


\u ||],j/2,p < R 


and 


ull^i < R. 


Step 1. Construction of a modified problem. Take R such that 
R > max{i?, max ||cv*||, max ||/3j||ci} 

l<i<k 1 <j<l 

and set for a.e. x G 0 and every (s, £) elx WL N , 

J(x,s,0 = 


f(x,s,Q, if |£| < R, 
f(x,s,R if,), if|e| >R. 


Now we define the functions 


where 


and 


where 


, , f f(x, aii(x), 0 + u lti (x, ai(x) - s), if s < a^x), 

I f(.r.s.C)- if s >ai(x), 


u>i,i{x,6) = max | f(x,ai(x),Va>i(x) + £) - f(x,a i (x),'Va i (x))\, 
lll<<5 


n (r « = I f( x >Pj( x ')>O- CtJ 2j( x >S-0 j (x)'), if S > Pj(x), 

QA ’ 'V \ f(x,s,0, if s<Pj(x), 


W 2 j(x,S) = max | f(x,P j (x),VP j (x)+$) - f(x,Pj(x),VPj(x))\, 
III <» 


for i G {1, and j G {1,...,/}. At last, we define for a.e. x G 0 and every 

(s,()elxl ff , 


max Pi(x, s, £), if s < a(x), 

l<i<k 


F{x,s,£) = < 


f(x,s,Q, 


if a(x) < s < P(x), 


min qj(x, s, £), if s > (3(x). 
f i<i<i 


Then we consider the modified problem 

—An = F(x, u, Vu), in 0, 
u — 0 , on 90. 


(7.2) 
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Notice that F is a L p -Caratheodory function and that there exists 7 G L p (0), 
such that 

< i{ x )i 

for a.e. x G O and every (s, £) 6lx W N . 

Step 2. Every solution u of ( |7.2 ) satisfies a < u < (3. Let u be a solution of 
(7.2). Assume by contradiction that min(u — a) < 0. Let i G k} and 


x G O such that 


min(u — a) = min(w — af) — (u — cu)(x) < 0 . 
n n 


Define v = u — OLi. As v > 0 on dit we have x G D. Therefore Vv(x) = 0 and 
there is an open ball B C f2, with x G B such that, a.e. in B, 

|Vu(x)| < |u(x)|, v{x) < 0 

and 

—Av > F(x, u(x), Vu(x)) — f(x, Oii(x), Vaj(x)) 

> f(x, ati(x), Vu(x)) + uu(x, afx ) - u(x)) - J(x, ati(x), Voj(i)) 

> -u} U (x, | V'c(x)|) +u>u(x, |u(x)|) 

> 0 , 

as oju(x, •) is increasing and |r;(x)| > |Vu(x)|. This contradicts the strong maxi¬ 
mum principle. 

Similarly, one proves that u < (3. 


Step 3. Every solution of (7.2) is a solution of (2.1) and satisfies a < u < /3. In 
Step 2 , we proved that every solution u of ( |7.2 ) satisfies a < u < /3 and hence is 
a solution of 

—A u — f(x,u,'Vu), in D, 
u — 0 , on dQ. 


As / satisfies (2.4), we have ||«|| c i(Q) < R and hence a is a solution of ( 2 . 1 ). 

Step 4■ Problem (7.2) has at least one solution. Let us consider the solution 
operator J\A : C 1 (h2) —» C' 1 (D) associated with ( |7.2 ), which sends any function 
u G C 1 (h2) onto the unique solution v G W 2,p (fX) of 

—Av = F(x, u, Vu), in 

v = 0, on <90. 

The operator A4 is continuous, has a relatively compact range and its fixed points 
are the solutions of (7.2). Hence there exists a constant R > 0, that we can 
suppose larger than R, such that, for every u G C 1 (0), 

ll-A'HIcHn) < Ri 
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and hence (see, e.g., 0 ) 

(7.3) deg(I-M,B(0,R)) = l, 

where / is the identity operator in C 1 (h2) and B(0,R) is the open ball of center 
0 and radius R in CT(fl). Therefore M. has a fixed point and problem (7.2) has 
at least one solution. 


Step 5. Problem (2.1) has at least one solution. By Step 4, we get the existence 
of a solution u of the problem (7.2) and Step 2 implies that u is a solution of 
( 2 . 1 ) satisfying a < u < (3. 

Part 2. Existence of extremal solutions. We know, from Part 1, that the solutions 
u of ( 2 . 1 ), with a < u < (3, are precisely the fixed points of the solution operator 
M. associated with (7.2). Set 

PL = {u € C 1 (h2) | u = A4u}. 

PL is a non-empty compact subset of C' 1 (J2). Next, for each u E PL, define the 
closed set C u = {z G PL \ z < u}. The family {C u \ u £ PL} has the finite 
intersection property, as it follows from Part 1 observing that if U\,U 2 G PL, 
then minimi, U 2 } is an upper solution of (7.2) with a < min-fui,^}. Hence 
C Ul fl C U2 7 ^ 0. By the compactness of PL there exists v € 0 u ^n Cu] clearly, v is 
the minimum solution in [a,(3\ of ( 2 . 1 ) in fl. 

Part 3. Degree computation. Now, let us assume that a and ft are strict lower 
and upper solutions respectively. Since there exists a solution u of ( 2 . 1 ), which 
satisfies a < u < (3, and every such solution satisfies a -C u (3, it follows that 
a (3. Hence S is a non-empty open set in C 1 (fl) and there is no fixed point 
either of A4 or of A4 on its boundary dS. Moreover, by (7.1), the sets of fixed 
points of M. and A4 coincide on S fl B(0, R) and we have 

deg(J — M,S (1 B(0, R)) = deg(J - M,S n B(0,R)). 

Furthermore, by the excision property of the degree (see, e.g., m), we get from 
( [PT| ) and g 

deg{I -M,B(0,R)) = 1. 

Finally, since all fixed points of A4 are in S fl B(0, R), we conclude 

deg(J - M, S n B( 0, R)) = deg(/ - M, S n B{ 0, R)) = deg(/ - M, B( 0, R)) = 1. 

This ends the proof. 
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